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Abstract— This paper describes a method for �nding the
stability regionsof the PI and PIP controllers for TCP AQM. The
method is applied on several representative examples,showing
that stable controllers can exhibit widely differ ent performance.
Thus, the results highlight the importance of optimizing the
design of PI AQM. Furthermor e, the paper shows that the
previously proposed PIP controller can be unstable in the
presenceof delays even for the control parameters given in the
literatur e.

I . INTRODUCTION

Control-theoreticalmethodsleadto stable,effective,andro-
bust congestioncontrol, but the limits of control performance
arestill largely unknown. Congestioncontrolregulatestherate
at which traf�c sourcesinject packetsinto a network to ensure
high bandwidthutilization while avoiding network congestion.
End-pointcongestioncontrol canbe helpedby Active Queue
Management(AQM), wherebyintermediateroutersmark or
drop packets prior to the inceptionof congestion.AQM has
beenextensively addressedby control-theoreticalmethods(see
for example[1] andthereferencestherein).However, it is still
unclearwhetherexisting AQM controllersachieve “optimal”
performance.In particular, previous work lacks a complete
characterizationof thestability region,a de�nition of network-
relevant control performance,and the design of provably
optimal AQM controllers.

A long-term goal in congestioncontrol is to understand
the limits of control performance.In this paper, we describe
the stability region of the Proportional-Integral (PI) AQM
controllers.The stability region describesthe set of feasible
designpoints.Stabledesignscanbe subsequentlyconsidered
within an optimization framework. Therefore,the character-
ization of a stability region is the �rst essentialstep toward
the designof optimal AQM controllers.The derivation of a
stability region is involved dueto time delaysthat arisefrom
the non-negligible network latenciesbetweensources,sinks,
and routers.The paperexploits recentresultson PI control
theoryfor time-delaysystemsto obtainthePI stability region.
We �nd that the controller performancevaries signi�cantly
acrossthe stability region and, in particular, thereare stable
controllers that have signi�cantly better performancethan
previously proposedones.SincestablePI controllersdiffered
widely in performance,the resultssupportthe importanceof
�nding optimal PI controllers.Furthermore,the papershows

that thepreviously proposedPIPcontroller[2] canbeunstable
in thepresenceof delays,evenfor thecontrolparametersgiven
in the literature.

AQM is oneof themostmatureareasin network control,but
previous work hasneglectedthe investigation of the stability
region. The original RED controller has been analyzedin
control-theoreticalterms,andshown to beoutperformedby PI
[3]. The PI controller is a naturalchoicedueto its robustness
andits ability to eliminatethe steady-stateerror. The original
PI AQM givesa singlepair of theproportionalgain kp andthe
integral gain ki thatguaranteesthestability of theclosed-loop
systemasa function of the network parameters[3]. However,
there are other (kp, ki) pairs that stabilize the closed-loop
systemand result in better performance.The PIP controller
is a variantof PI [2]. AlthoughPIP is stablein theabsenceof
time delays,we show in this paperthat PIP becomesunstable
with time delayseven in the exact scenariosconsideredby
previous work.

This paper is organized as follows. In Section II, we
introduce the linearizedTCP-AQM model with PI and PIP
controllers, and we presentthe method we used to obtain
the completestabilizing region. In Section III, we compute
thecompleteset,SR, of stabilizingPI parameters.Simulations
that stressthe importanceof extractinga completestabilizing
region arepresentedin SectionIV. Directionsfor futurework
aregiven in SectionV, andconclusionsin SectionVI.

I I . BACKGROUND

A. LinearizedTCP Model with the PI Controller

A �uid-basedlinearizedmodelfor TCP congestioncontrol,
delays,andqueuesis expressedby the transferfunction [4]:

P(s) =
B

(s+ a)(s+ b)
e� sd ; (1)

where d is the round-trip delay (seconds),a = 2N=(d2C),
b = 1=d, B = C2=(2N), C is the bottleneck link capacity
(packets/second),andN is thenumberof TCP�o ws traversing
the link. The introductionof PI AQM resultsin the feedback
control shown in Fig. 1 [3], whereq(s) is the Laplacetrans-
form of the instantaneousqueuelengthq(t), q0 is the desired
queuelengtharoundwhich thecontrollershouldstabilizeq(t),
and

G(s;kp;ki) = kp +
ki

s
=

kps+ ki
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Fig. 1. The closed-loopsystemof TCP-AQM linearizedmodel P(s), with
the PI controller, G(s).

is the Laplacetransformof the PI controller. The controller
G(s;kp;ki) will be denotedsimply as G(s) when the pro-
portional gain kp and the integral gain ki are clear from the
context.

B. ThePIP Controller

To enhancethe speedof responseof the PI controller, a
positionfeedbackcompensationtechniquewasproposedasan
inner loop to the systemin Fig. 1 [2]. The new arrangement,
which is calleda PIP controller, is shown in Fig. 2.

It canbe shown with somemathematicalmanipulationthat
thecharacteristicequationof theclosed-looptransferfunction
with PIP control is equalto that with PI control, except that
the proportionalgain, kp, of the PI controller is increasedby
the value of kh. Therefore,the stability region in the (kp;ki)
planefor the systemwith the PIP schemeis simply the same
stability region as with a PI controller shifted to the left by
kh. Therefore,the stability analysiscanbe restricted,without
lossof generality, to the PI systemin Fig. 1.

The original PIP stability argument disregards the delay
term e� sd. This simpli®cation is a signi®cant weaknessbe-
causedelaysin feedbackloops areknown to reducestability
margins drastically. The experimentsin SectionIV will con-
®rm this.

C. Analysisof Time-DelaySystems

Given a network topology with speci®c C and N, our
goal is to determineall valuesof the (kp;ki) gains so that
the feedbackclosed-loopsystemin Fig. 1 is stable for all
values of delay less than d. Delays in the feedbackloop
are capturedin (1) in the exponential term e� sd, which in
turn greatly complicatesthe stability analysis beyond the
traditionaltextbooktechniquesof ControlTheory[5]. Previous
work sidesteppedthe problem through assumptionsand by
constrainingthe PI gains [3]. An alternative approachis to
exploit recentresultson time-delaysystems[6]. This section
reviews onesuchrecentmethodfor time-delayPI control,and
the rest of the paperwill apply this methodfor the stability
analysisof TCP AQM.
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Fig. 2. The PIP controller: an inner loop with constantgain is introduced
to provide position feedbackcompensation.

The stability region SR is the completesetof points(kp;ki)
for which the closed-loopsystemin Fig. 1 is stablefor all
delays L between0 and d. The stability region SR can be
expressedasSR = S1 nSL [6, p. 249], where

� S1 = S0 nSN.
� S0 is the setof kp andki valuesthat stabilizethe delay-

free systemP0(s).
� SN is thesetof kp andki valuessuchthatG(s;kp;ki)P0(s)

is an impropertransferfunction. Formally, SN is

SN =
n

(kp;ki) : lim
s! ¥

jG(s;kp;ki)P0(s)j � 1
o

. (2)

� SL is the set of (kp;ki) valuessuch that G(s;kp;ki)P(s)
hasaminimaldestabilizingdelaythatis lessthanor equal
to d. Formally, SL is

SL = f (kp;ki) =2 SN : 9L 2 [0;d];w 2 R s.t.

G( jw;kp;ki)P0( jw)e� jLw = � 1g. (3)

To computeSR, ®rst de®nethe projection of the stability
region SR on the line kp = k̂p as:

SR;k̂p
= f (kp;ki) 2 SR : kp = k̂pg ;

so that the stability region canbe calculatedfor eachvalueof
the proportionalgain k̂p:

SR =
[

k̂p

SR;k̂p
: (4)

To computeSR;k̂p
, de®nethe projections

S1;k̂p
= f (kp;ki) 2 S1 : kp = k̂pg ;

SN;k̂p
= f (kp;ki) 2 SN : kp = k̂pg ;

SL;k̂p
= f (kp;ki) 2 SL : kp = k̂pg :

Then, SR;k̂p
= S1;k̂p

n SL;k̂p
. It remains to computeSL;k̂p

by
evaluatingtheconditionin (3) thatG( jw;kp;ki)P0( jw)e� jLw =
� 1. The set SL;k̂p

can be further decomposedand computed
as:

SL;k̂p
= S+

L;k̂p
[ S�

L;k̂p
;



where

S+
L;Ãkp

=
n

(Ãkp;ki) =2 SN;Ãkp
: 9w 2 W+ :ki =

p
M(w)

o
; (5)

S�
L;Ãkp

=
n

(Ãkp;ki) =2 SN;Ãkp
: 9w 2 W� :ki = �

p
M(w)

o
; (6)

W+ =

(

w : w > 0;M(w) � 0;

L(w) =
p+ \ [(

p
M(w) + j Ãkpw)R0( jw)]

w
� d

)

; (7)

W� =

(

w : w > 0;M(w) � 0;

p+ \ [(�
p

M(w) + j Ãkpw)R0( jw)]
w

� d

)

; (8)

M(w) =
1

jR0( jw)j2
� Ãk2

pw2 ; (9)

R0(s) =
P0(s)

s
: (10)

I I I . COMPUTING SR FOR TCP-AQM PI CONTROLLERS

In thissection,wecomputeSR for thePI controllerof Fig. 1.
Henceforth,theanalysisassumesthatkp;ki � 0: negative gains
arecounterintuitive in operationaltermsbecausethey lead to
a decreasein the sendingrate when the queuelength is less
thanthe target value.Although negative gainsaredisregarded
as operationallymeaningless,they can formally stabilize the
closed-loopsystembecausethe open-loopis stableand can
toleratea slightly destabilizingcontroller.

A. ComputingS0

By droppingthedelayterm,e� sd, from P(s), we obtainthat

P0(s) =
B

(s+ a)(s+ b)
:

The characteristicequationof the closedloop-systemin Fig.
1 becomes:

1+ G(s) � P0(s) = 1+
kps+ ki

s
�

B
(s+ a)(s+ b)

= 0,

which is equivalent to

s3 + (a + b)s2 + (ab + Bkp)s+ Bki = 0. (11)

To computeS0, we constructtheRoutharray[5] asfollows:
s3 : 1 ab + Bkp
s2 : a + b Bki
s1 : [(a + b)(ab + Bkp) � Bki ]=(a + b) 0
s0 : Bki

A necessaryandsuf®cient condition for stability is that all
entriesin the ®rst column(after the colon) arepositive [5, p.
215]. This conditionreducesto the following inequalities:

1) a + b > 0, which is alwaystrue (the network parameters,
N, C, andd, cannotbe negative).

2) Bki > 0, which yields ki > 0 sinceB is always positive
(the network parameters,N andC, cannotbe negative).

3) [(a + b) (ab + Bkp) � Bki ]=(a + b) > 0, which reducesto
ki < (a + b)(ab + Bkp)=B

Combining the last two conditions de®nesthe following
rangeof stabilizing ki valueswith the upperboundarybeing
a function of kp: 0 < ki < ki;max, where

ki;max =
(a + b)(ab + Bkp)

B
. (12)

Moreover, for a feasiblesolution(a + b)(ab + Bkp)=B must
be positive. This gives the rangeof stabilizingkp values,i.e.,
kp > � ab=B, which is alwayssatis®edsinceonly non-negative
gainsareconsideredin this analysis.

The shadedarea in Fig. 3 is the permissibleregion that
satis®esthe stability conditionsof the delay-freeclosed-loop
system,i.e., S0. The area is under the line with a slope of
(a + b) anda y-interceptof ab(a + b)=B.

B. ComputingSN

Since

lim
s! ¥

�
�
�
�
(kps+ ki)P0(s)

s

�
�
�
� = lim

s! ¥

�
�
�
�

(kps+ ki)B
s(s+ a)(s+ b)

�
�
�
� = 0 < 1,

we have that SN = /0 by de®nition (2) of SN. Thus,S1 = S0.

C. ComputingSL and SR

The stability region SR will be plotted by following the
analysisin SectionII-C. Sweepthroughthe valuesof kp and
for eachkp = Ãkp:

� Computethe setW+ as in (7).
� Computethe setS+

L;Ãkp
as in (5).

� ComputeSR;Ãkp
= S1;Ãkp

nS+
L;Ãkp

.

Then,thestability region SR is obtainedasin (4). Becausewe
consideronly positive gain values,we ignorethe two casesof
(8) and(6).

IV. SIMULATIONS

In this section,we usetheanalysisof SectionIII to compute
the stability regionsfor exampleswith PI andPIP controllers.
Furthermore,we useSimulink

R

[7] to simulatethe step-input

responseof the continuous-timē uid-basedcontrol systems
in Fig. 1 and in Fig. 2. In the simulations, a non-linear
saturationelementis addedto preventthequeuefrom growing
negative.Althoughsucha saturationelementis easilyaddedin

k i

kp
¥

ki = (a+b)(ab+Bkp)/B

Fig. 3. Stabilizing region of kp and ki gains for the non-delayclosedloop
system.



simulation,it hasbeendisregardedin the analysisabove and
in previous work becauseits non-linearitymakes the system
analysisintractable.

A. PI Simulations

Example4.1: Considera network with the following pa-
rameters:N = 60, C = 3750 pkt/sec, d = 0:246 sec, and
q0 = 50 (the samescenarioas in [3, Example2]). The region
of stabilizing kp and ki is shown in Fig. 4. The black dot
representsthe point (k?

p;k?
i ) = (1:8497� 10� 5;9:7811� 10� 6)

prescribedin [3]. The systemresponse(the queue length)
with these values is shown in Fig. 5. Other points inside
the stability region did not give betterperformancethan the
one chosenby [3]. For example,Fig. 6 shows the response
when the PI parametersare in the middle of the region, i.e.,
(kp;ki) = (10� 4;6� 10� 5).

Example4.2: Let N = 60, C = 1250pkt/sec,d = 0:22 sec,
and q0 = 50 (as in [2]). Now, k?

p and k?
i accordingto [3] are

7:5546� 10� 4 and 1:4984� 10� 3, respectively. The complete
region of stabilizing kp and ki is shown in Fig. 7 along with
thepoint (k?

p;k?
i ). Thesystemresponse(thequeuelength)with

thesevaluesis shown in Fig. 8. Fig. 9 is the output response
whenusinganothersetof parameters,(kp;ki) = (3� 10� 4;5:9�
10� 4), which shows improved performanceover the set of
(k?

p;k?
i ).

Example4.3: As a third example, assumethe network
parametersare N = 75, C = 1250 pkt/sec,d = 0:15 sec,and
q0 = 50. Fig. 10 shows the stabilizing region along with the
point (k?

p;k?
i ) = (0:0044;0:0233) thatresultsfrom applyingthe

methodin [3]. Fig. 11 shows the systemresponseusing k?
p,

and k?
i . The responseexhibits oscillations,an overshootof

about100%,anda relatively long settling time. On the other
hand,whenusinganothersetof parametersinsidethestability
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Fig. 4. Stabilizing(kp, ki ) region for Example4.1.
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Fig. 5. The output responsefor
Example4.1 using(k?

p;k?
i ) =

(1:8497� 10� 5;9:7811� 10� 6).
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Fig. 6. The output responsefor
Example4.1 using(kp;ki ) =
(1:0� 10� 4;6:0� 10� 5).
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Fig. 7. Stabilizing(kp, ki ) region for Example4.2.
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Fig. 8. The output responsefor
Example4.2 using(k?

p;k?
i ) =

(7:5546� 10� 4;1:4984� 10� 3).
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Fig. 9. The output responsefor
Example4.2 using(kp;ki ) =
(3:0� 10� 4;5:9� 10� 4).

region suchas(kp;ki) = (0:002;0:005), the responsesettlesat
50 in a much shortertime, without oscillationsand without
overshoot;seeFig. 12.

B. PIP Simulations

Example4.4: For the PIP controller, we show the original
PIP experiment [2]. The network parametersare C = 1250
pkt/sec,d = 0:22 sec, and q0 = 50. As in [2], we let kh =
0:0014,kp = 2:0� 10� 3, andki = 5:0� 10� 3.
The stability region is sameshapeas that of Example 4.2
shifted to the left by kh = 0:0014 (see Sec. II-B), and it
is shown in Fig. 13. The chosengains correspondto the
point in the ®gure on the upper right, and are outside the
stability region. Correspondingly, the step input responseof
thelinearizedsystemsgrows unbounded(detailsomitted).The
systemis then simulatedwith the addition of a non-linear
elementto boundq(t) � 0 andtheoutputresponseis shown in
Fig. 14.Thesaturationelementis keepingtheoutputbounded,
but it cannotprevent severequeueoscillations.
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Fig. 10. Stabilizing(kp, ki ) region for Example4.3.
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Fig. 11. The output responsefor
Example4.3 using(k?

p;k?
i ) =

(0:0044;0:0233).
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Fig. 12. The output responsefor
Example4.3 using(kp;ki ) =
(0:002;0:005).

V. FUTURE WORK

This paper makes an indispensablecontribution to the
understandingof PI controllersby providing a completechar-
acterizationof their stability regions. This characterization
paves the way to several avenuesof future work.

In the ®rst place, the Simulink
R


simulationsdescribethe
continuous-timedynamicsof the ¯ows andqueues.However,
continuous-timesystemsare but an abstractionand a simpli-
®cation of the actualpacket dynamics.Thus, the Simulink

R


evaluationshouldbe complementedwith packet-level simula-
tions andemulations,e.g.,via ns-2 [8]. More fundamentally,
continuous-timecontrollersmust be translatedinto discrete-
time to be implementedin AQM routers.The discretization
process,which includesthe choiceof a discretizationmethod
and the choiceof a samplingfrequency, may then affect the
performanceof the packet-level system.

The designof an optimal PI controller is the problem of
®nding the kp andki parametersthat maximizeor minimize a
certainobjective function and that lead to a stablecontroller.
Hence, the stability region is the set of feasible solution
to an optimization problem that is yet to be addressed.In
the ®rst place, the optimization problem requires that an
objective functionbede®nedsoasto expressconvincingly the
congestioncontrolgoalsthatarerelevant to networks.Further,
theoptimizationproblemmustbesolvedto obtaintheoptimal
controller.

VI . CONCLUSIONS

In this paper, we have characterizedthe stability region of
PI AQM controllers.The derivationsare involved due to the
presenceof time delaysin the control loops. The paperhas
shown a test to determinewhethera control designis stable
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Fig. 13. Stabilizing(kp, ki ) region for PIP controllerwith the parametersof
Example4.4.
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Fig. 14. The output response(queuesize) for the PIP when using the
parameterskh = 0:0014,kp = 2:0� 10� 3, andki = 5:0� 10� 3 (Example4.4).

or not. The understandingof the PI AQM stability region
is an essentialstep in the designof optimal PI controllers.
For example,the paperpresentedexamplesof PI controllers
that arestableandhave signi®cantlybetterperformancethan
previously proposedones.

The paper has highlighted the importance of giving a
completecharacterizationof the stability region to evaluate
alternative designs.In general,thepaperis the®rst steptoward
the applicationof optimal control methodsto congestioncon-
trol. We speculatethat similar procedurescould be useful in
otherareasof feedbackcontrol of computersystems.Another
lessonlearnedis that it is hard to deal with time delays,but
delaysareunavoidablein networks systems.In particular, we
have highlightedthe dangerof aggressive controllers,suchas
PIP, that becomeunstablein the presenceof time delays.
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