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Abstract—This paper describes a method for nding the
stability regionsof the Pl and PIP controllers for TCP AQM. The
method is applied on several representative examples,shaowving
that stable controllers can exhibit widely different performance.
Thus, the results highlight the importance of optimizing the
design of PI AQM. Furthermore, the paper shows that the
previously proposed PIP controller can be unstable in the
presenceof delays even for the control parameters given in the
literatur e.

|. INTRODUCTION

Control-theoreticainethoddeadto stable effective, andro-
bust congestiorcontrol, but the limits of control performance
arestill largely unknavn. Congestiorcontrolregulatestherate
atwhichtrafc sourcesnject pacletsinto a network to ensure
high bandwidthutilization while avoiding network congestion.
End-pointcongestioncontrol can be helpedby Active Queue
Managemen{AQM), wherebyintermediaterouters mark or
drop paclets prior to the inception of congestionAQM has
beenextensiely addressedly control-theoreticamethodqsee
for example[1] andthereferencesherein).However, it is still
unclearwhetherexisting AQM controllersachieze “optimal”
performance.n particular previous work lacks a complete
characterizatiof the stability region, a de nition of network-
relevant control performance,and the design of provably
optimal AQM controllers.

A long-term goal in congestioncontrol is to understand
the limits of control performanceln this paper we describe
the stability region of the Proportional-Intgral (PI) AQM
controllers. The stability region describesthe set of feasible
designpoints. Stabledesignscan be subsequentlyonsidered
within an optimization framework. Therefore,the character
ization of a stability region is the rst essentialstep toward
the designof optimal AQM controllers. The derivation of a
stability region is involved dueto time delaysthat arisefrom
the non-ngligible network latenciesbetweensources,sinks,
and routers. The paper exploits recentresultson PI control
theoryfor time-delaysystemdo obtainthe PI stability region.
We nd that the controller performancevaries signi cantly
acrossthe stability region and, in particular there are stable
controllers that have signi cantly better performancethan
previously proposedones.SincestablePI controllersdiffered
widely in performancethe resultssupportthe importanceof
nding optimal Pl controllers.Furthermore the papershavs
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thatthe previously proposedPIP controller[2] canbe unstable
in the presencef delaysevenfor thecontrolparametergiven
in the literature.

AQM is oneof themostmatureareasn network control,but
previous work hasnegglectedthe investication of the stability
region. The original RED controller has been analyzedin
control-theoreticaterms,andshowvn to be outperformeddy Pl
[3]. The PI controlleris a naturalchoicedueto its robustness
andits ability to eliminatethe steady-staterror The original
Pl AQM givesasinglepair of the proportionalgain k, andthe
integral gain k; thatguaranteethe stability of the closed-loop
systemasa function of the network parameter$3]. However,
there are other (kp, ki) pairs that stabilize the closed-loop
systemand resultin better performance.The PIP controller
is avariantof Pl [2]. AlthoughPIPis stablein the absencef
time delays,we shaw in this paperthat PIP becomesainstable
with time delayseven in the exact scenariosconsideredby
previous work.

This paper is organized as follows. In Section Il, we
introducethe linearized TCP-AQM model with PI and PIP
controllers, and we presentthe method we usedto obtain
the completestabilizing region. In Sectionlll, we compute
the completeset, &, of stabilizing Pl parametersSimulations
that stressthe importanceof extractinga completestabilizing
region arepresentedn SectionlV. Directionsfor future work
aregivenin SectionV, andconclusionsn SectionVI.

Il. BACKGROUND
A. LinearizedTCP Model with the Pl Contmwoller

A uid-basedlinearizedmodelfor TCP congestiorcontrol,

delays,and queuess expresseddy the transferfunction [4]:
B sd .

(s+a)s+b). @
where d is the round-trip delay (seconds),a = 2N=(d°C),
b = 1=d, B= C?=(2N), C is the bottlenecklink capacity
(paclkets/second)andN is the numberof TCP o wstraversing
the link. The introductionof Pl AQM resultsin the feedback
control shawvn in Fig. 1 [3], whereq(s) is the Laplacetrans-
form of the instantaneougueuelengthq(t), qo is the desired
gueudengtharoundwhich the controllershouldstabilizeq(t),

and
G(s kp; k) = ko + %: @

P(s) =



MT— G(s)

Fig. 1. The closed-loopsystemof TCP-AQM linearizedmodel P(s), with
the PI controller G(s).

is the Laplacetransformof the Pl controller The controller
G(s kp; ki) will be denotedsimply as G(s) when the pro-
portional gain kp and the integral gain k; are clear from the
context.

B. ThePIP Contwoller

To enhancethe speedof responseof the PI controller a
positionfeedbackcompensatiotechniquevasproposedasan
inner loop to the systemin Fig. 1 [2]. The new arrangement,
which is calleda PIP controllet is shovn in Fig. 2.

It canbe shavn with somemathematicamanipulationthat
the characteristie@quationof the closed-looptransferfunction
with PIP control is equalto that with PI control, except that
the proportionalgain, kp, of the Pl controlleris increasedoy
the value of k,. Therefore,the stability region in the (kp; ki)
planefor the systemwith the PIP schemeds simply the same
stability region aswith a PI controller shifted to the left by
kn. Therefore the stability analysiscan be restricted,without
loss of generality to the Pl systemin Fig. 1.

The original PIP stability agument disregards the delay
term e 9. This simpli®cation is a signi®cantweaknessbe-
causedelaysin feedbackloops are known to reducestability
maugins drastically The experimentsin SectionlV will con-
®rm this.

C. Analysisof Time-DelaySystems

Given a network topology with speci®c C and N, our
goal is to determineall valuesof the (kp;ki) gains so that
the feedbackclosed-loopsystemin Fig. 1 is stablefor all
values of delay less than d. Delays in the feedbackloop
are capturedin (1) in the exponentialterm e 9, which in
turn greatly complicatesthe stability analysis beyond the
traditionaltextbooktechnique®f Control Theory[5]. Previous
work sidesteppedhe problem through assumptionsand by
constrainingthe Pl gains [3]. An alternatve approachis to
exploit recentresultson time-delaysystemg6]. This section
reviews onesuchrecentmethodfor time-delayPI control,and
the rest of the paperwill apply this methodfor the stability
analysisof TCP AQM.
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L

Fig. 2. The PIP controller: an inner loop with constantgain is introduced
to provide position feedbackcompensation.

The stability region S is the completesetof points (kp; ki)
for which the closed-loopsystemin Fig. 1 is stablefor all
delaysL between0 and d. The stability region Sg can be
expressecas g = S ng [6, p. 249], where

S=9nS.

S is the setof kp andk; valuesthat stabilizethe delay-
free systemPy(s).

S\ is thesetof ky andk; valuessuchthat G(s; kp; ki) Po(s)
is an impropertransferfunction. Formally, & is

n [0}

Si= (k) ImiG(skek)P(S 1 . (2)

S is the setof (kp;ki) valuessuchthat G(s;kp;ki)P(s)
hasaminimal destabilizingdelaythatis lessthanor equal
to d. Formally, § is

S = fkpk)2&:9L2[0;d;w2 R s.t.
G(iw; kpik)Po(jwe Y= 1g.  (3)

To compute R, ®rst de®nethe projectionof the stability
region & on theline ky = k; as:

Sk, = F(kpik) 2 Skikp = kg

sothatthe stability region canbe calculatedfor eachvalue of
the proportionalgain kp:

[
&= SQ; ko - )
k

P

To computeSR;r(p, de®nethe projections

%.;Rp = f(kpk)2S ko= &pg;
S\I;Rp = f(kpk)2 Suikp= &pg;
S, = k)2 S ko= Ko

Then, Sii, = Sk, "g,- It remainsto compute § ¢ by
evaluatingthe conditionin (3) thatG(jw; kp; ki) Po(jw)e jtw =

1. The set S_;kp can be further decomposednd computed
as:

SL;Rp = %:Rp[ %;Rp;
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. COMPUTING & FOR TCP-AQM PI CONTROLLERS

In this sectionwe computeS for the Pl controllerof Fig. 1.
Henceforththeanalysisassumeshatkp,; ki 0: negative gains
are counterintuitve in operationaltermsbecausehey leadto
a decreasén the sendingrate when the queuelengthis less
thanthe target value. Although negative gainsaredisregarded
as operationallymeaninglessthey can formally stabilize the
closed-loopsystembecausehe open-loopis stableand can
toleratea slightly destabilizingcontroller

A. ComputingS
By droppingthe delayterm,e S9, from P(s), we obtainthat
B
(s+a)(s+b)

The characteristicequationof the closedloop-systemin Fig.
1 becomes:

Po(s) =

_ kps+ ki B _
LG P(9= 14 = ey -

which is equvalentto
S+ (a+ b)s$+ (ab + Bky)s+ Bk = 0. (11)

To computeS) we constructhe Routharray[5] asfollows:

: 1 ab + Bky
S a+b Bk;
st : [(a+b)(ab+ Bky) Bk]=(a+b) 0
L Bk

A necessar)and suf®cient conditionfor stability is that all
entriesin the ®rst column (after the colon) are positive [5, p.
215]. This condition reducesgo the following inequalities:

1) a+ b> 0, whichis alwaystrue (the network parameters,

N, C, andd, cannotbe negative).
2) Bk > 0, which yields k; > 0 sinceB is always positive
(the network parametersN andC, cannotbe negative).

3) [(a+ b)(ab+ Bky) Bk]=(a+ b)> 0,whichreducedo
ki < (a+ b)(ab+ Bk,)=B
Combining the last two conditions de®nesthe following
rangeof stabilizingk; valueswith the upperboundarybeing
a function of kp: 0< ki < ki:max, Where

(a+ b)(ab+ Bkp)
kl max— B

12)

Moreover, for afeasiblesolution(a + b)(ab + Bkp)=B must
be positive. This givesthe rangeof stabilizingk, values,i.e.,
kp> ab=B, whichis alwayssatis®edsinceonly non-ngative
gains are consideredn this analysis.

The shadedareain Fig. 3 is the permissibleregion that
satis®esthe stability conditionsof the delay-freeclosed-loop
system,i.e., §. The areais underthe line with a slope of
(a+ b) anda y-interceptof ab(a + b)=B.

B. ComputingSy

Since

(Kps+ ki)Po(s) _
s ¥ S

(kps+ k)B  _
=M Ssraeen 0 b

we have that §; = 0 by de®nition (2) of &. Thus, S = S.

C. ComputingS and &

The stability region & will be plotted by following the
analysisin Sectionll-C. Sweepthroughthe valuesof k, and
for eachky = Ky

Computethe setW" asin (7).
Computethe setq* asin (5).

ComputeSy g, = 51 A nqﬁj
Then,the stability region & is obtainedasin (4). Becauseve
consideronly positive gain values,we ignorethe two casef
(8) and (6).

IV. SIMULATIONS

In this section we usethe analysisof Sectionlll to compute
the stability regionsfor exampleswith Pl and PIP controllers.
Furthermorewe use Simulink” [7] to simulatethe step-input
responseof the continuous-time uid-basedcontrol systems
in Fig. 1 and in Fig. 2. In the simulations,a non-linear
saturatiorelements addedto preventthe queuefrom growing
negative. Although sucha saturatiorelements easilyaddedn

k = (a+b)(ab+B p)/B—>/
/

— ¥

K

Fig. 3. Stabilizingregion of k, andk; gainsfor the non-delayclosedloop
system.



simulation,it hasbeendisrggardedin the analysisabose and
in previous work becausdts non-linearity makes the system
analysisintractable.

A. Pl Simulations

Example4.1: Considera network with the following pa-
rameters:N = 60, C = 3750 pkt/sec,d = 0:246 sec, and
0o = 50 (the samescenarioasin [3, Example2]). The region
of stabilizing k, and k; is shovn in Fig. 4. The black dot
representsthe point (k?%;k?) = (1:8497 10 °;9:7811 10 °)
prescribedin [3]. The systemresponse(the queue length)
with thesevaluesis shovn in Fig. 5. Other points inside
the stability region did not give better performancethan the
one chosenby [3]. For example, Fig. 6 shavs the response
whenthe Pl parametersare in the middle of the region, i.e.,
(kp;k) = (10 %6 10 °).

Example4.2: Let N = 60, C = 1250pkt/sec,d = 0:22 sec,
anddo = 50 (asin [2]). Now, k? andk? accordingto [3] are
7:5546 10 * and 1:4984 10 gj respectiely. The complete
region of stabilizingk, andk; is shavn in Fig. 7 alongwith
the point (k?p; kl?). The systenresponséthe queudength)with
thesevaluesis shavn in Fig. 8. Fig. 9 is the outputresponse
whenusinganothersetof parameters(kp; ki) = (3 10 4;5:9
10 4), which shovs improved performanceover the set of
(k3; k).

Example4.3: As a third example, assumethe network
parameterare N = 75, C = 1250 pkt/sec,d = 0:15 sec,and
do = 50. Fig. 10 shaws the stabilizing region along with the
point (k?; k7) = (0:0044 0:0233 thatresultsfrom applyingthe
methodin [3]. Fig. 11 shavs the systemresponseusing k?,
and k7. The responseexhibits oscillations,an overshootof
about100%, and a relatively long settlingtime. On the other
hand,whenusinganothersetof parameterinsidethe stability
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Fig. 4. Stabilizing (kp, ki) region for Example4.1.
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Fig. 5. The outputresponsdor
Example4.1 using (k3; k7) =
(1:8497 10 5;9:7811 10 ©).

Fig. 6. The outputresponsdor
Example4.1 using (kp; ki) =
(1:0 10 46:0 10 9).
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Fig. 7. Stabilizing (kp, ki) region for Example4.2.
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Fig. 8. The outputresponsdor
Example4.2 using (k}; k7) =
(7:5546 10 4;1:4984 10 3).

Fig. 9. The outputresponsdor
Example4.2 using (kp; ki) =
(3:0 10 45:9 10 4.

region suchas(kp; ki) = (0:002 0:009), the responsesettlesat
50 in a much shortertime, without oscillationsand without
overshoot;seeFig. 12.

B. PIP Simulations

Example4.4: For the PIP controller we shav the original
PIP experiment[2]. The network parametersare C = 1250
pkt/sec,d = 0:22 sec,and gp = 50. As in [2], we let k, =
0:0014,k, = 2.0 10 3, andk = 5.0 10 3.

The stability region is sameshapeas that of Example 4.2
shifted to the left by k, = 0:0014 (see Sec. lI-B), and it

is shavn in Fig. 13. The chosengains correspondto the
point in the ®gure on the upper right, and are outside the
stability region. Correspondinglythe step input responseof

thelinearizedsystemgrows unboundeddetailsomitted). The
systemis then simulatedwith the addition of a non-linear
elementto boundq(t) 0 andtheoutputresponsés shawvn in

Fig. 14. The saturatiorelementis keepingthe outputbounded,
but it cannotprevent severe queueoscillations.
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Fig. 10. Stabilizing (kp, ki) region for Example4.3.
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Fig. 11. The outputresponsdor
Example4.3 using (k3; k7) =
(0:00440:0233.

Fig. 12. The outputresponsdor
Example4.3 using (kp; ki) =
(0:0020:005).

V. FUTURE WORK

This paper makes an indispensablecontritution to the
understandin@f PI controllersby providing a completechar
acterizationof their stability regions. This characterization
pavesthe way to several avenuesof future work.

In the ®rst place, the Simulink  simulationsdescribethe
continuous-timedynamicsof the “ows and queuesHowever,
continuous-timesystemsare but an abstractionand a simpli-
®cation of the actual paclet dynamics.Thus, the Simulink
evaluationshouldbe complementedvith paclet-level simula-
tions andemulationsg.g.,via ns-2 [8]. More fundamentally
continuous-timecontrollersmust be translatedinto discrete-
time to be implementedin AQM routers. The discretization
processwhich includesthe choiceof a discretizationmethod
and the choice of a samplingfrequeng, may then affect the
performanceof the paclet-level system.

The designof an optimal Pl controller is the problem of
®nding the k, andk; parametershat maximizeor minimize a
certainobjectve function andthat leadto a stablecontroller
Hence, the stability region is the set of feasible solution
to an optimization problem that is yet to be addressedin
the ®rst place, the optimization problem requires that an
objective functionbe de®nedso asto expresscorvincingly the
congestiorcontrolgoalsthatarerelevantto networks. Further
the optimizationproblemmustbe solved to obtainthe optimal
controller

V1. CONCLUSIONS

In this paper we have characterizedhe stability region of
Pl AQM controllers.The derivationsare involved due to the
presenceof time delaysin the control loops. The paperhas
showvn a testto determinewhethera control designis stable
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Fig. 13. Stabilizing(kp, ki) region for PIP controllerwith the parametersf
Example4.4.
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Fig. 14. The output response(queuesize) for the PIP when using the
parametery = 0:0014,kp = 2.0 10 3, andk = 5.0 10 ® (Example4.4).

or not. The understandingof the PI AQM stability region
is an essentialstep in the designof optimal PI controllers.
For example,the paperpresentedexamplesof PI controllers
that are stableand have signi®cantly betterperformancethan
previously proposedones.

The paper has highlighted the importance of giving a
completecharacterizatiorof the stability region to evaluate
alternatve designsin generalthe paperis the ®rst steptoward
the applicationof optimal control methodsto congestiorcon-
trol. We speculatethat similar proceduresould be usefulin
otherareasof feedbackcontrol of computersystemsAnother
lessonlearnedis that it is hardto deal with time delays,but
delaysare unavoidablein networks systemsln particular we
have highlightedthe dangerof aggressie controllers,suchas
PIP, that becomeunstablein the presenceof time delays.
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