Design of Lyapunov based controllers as TCP AQM
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Abstract—The paper considers the design of robust AQM layed systems, we construct two new AQM stabilizing the
for the congestion problem of a router. Using a state space TCP model. The first one is called I0D-AQMn@ependent
representation of a linearized fluid model of TCP, we provide o pg|ay) and it deals with the control of TCP for all delays
an AQM which stabilises the queue length of the buffer for any . L . .
delay less than a prescribed upper bound. Our results rely on N the loop. Be<_:au_se of the space limitation, this latteras n
the use of recently developed Lyapunov-Krasovskii functipal ~Presented and invite the reader to [20]. The second one, DD-
and have been expressed in terms of Linear Matrix Inequalitts AQM (Delay Dependeitis devoted to the control of the TCP
which can be solved easily. Finally, an example extracted dm  dynamics when an upperbound of the delay is known. In order
the literature and simulations support our study. to consider a more realistic case, extension to the robusst, ca
where the delay is uncertain is considered using quadratic
stabilization framework.

Over a past few years, problems have arisen with regard toThe paper is organized as follows. The second part dis-
Quality of Service (QoS) issues in Internet traffic congmsti cussed the uncertain mathematical model of a network sup-
control [1], [2], [3]. AQM mechanism, which supports the endporting TCP. Section Ill is dedicated to the design of an AQM
to-end congestion control mechanism of Transmission @bntensuring the robust stabilization of TCP as well as a certain
Protocol (TCP), has been actively studied by many reseeschéevel of performances. Section IV presents applicationhef t
AQM mechanism controls the queue length of a router Bxposed theory and simulation results using NS-2 [21].IKina
actively dropping packets. Various mechanisms have be@action V concludes the paper.
proposed in the literature such as Random Early DetectionNotations:For two symmetric matricesd and B, A > (>)
(RED) [4], Random Early Marking (REM) [5], BLUE [6], B means thati— B is (semi-) positive definited” denotes the
Adaptive Virtual Queue (AVQ) [7] and many others [8].transpose ofd. 1, and0,x, denote respectively the identity
Their performances have been evaluated [9], [8] and engbirianatrix of sizen and null matrix of sizen x n. If the context
studies have shown the effectiveness of these mechanistiews it, the dimensions of these matrices are often onhitte
[10]. During the last few years, significant research haweor a given matrix4d € R"™*", < A > stands forA + A”.
been devoted to the use of control theory to develop more
efficient AQM. Using dynamical model developed by [11], Il. PROBLEM STATEMENT AND MODELISATION
some P Proportiona), Pl (Proportional Integra) [12], PID A The linearized fluid-flow model of TCP
(Proportional Integral Derivativg [13] have been designed as ) ) )
well as robust control framework issued [14]. Nevertheless 'N€ fluid flow model of TCP considered here was intro-

most of these papers do not take into account the delay &#¢fed in [11], [12]. Based on this system, a new type of AQM
ensure the stability in closed loop for all delays which cpuWill be constructed, which takes into account delays in® th

be conservative. netvyork. _ |
The study of congestion problem with time delay systems Given the network parameters: number of TCP sessions,

framework is not new and has been succesfully exploiteff!k capacity and propagation delayv( ¢’ and T}, respec-

In [15], [16], using Lyapunov-Krasovskii theory, the glebatively), we define the set of operating poir(®/o, go, po) by

stability analysis of the non linear model of TCP is perfodneW =0andg = 0:

In[17], a delay dependent state feedback controller isidem/ W=0 = Wepy = 2

by compensation of the delay with a memory feedback control. { 0C Ry=D 4T

This latter methodology is interesting in theory but hardly N ¢ P

suitable in practice. In [18], [19], robust AQM are derivedvhereW (¢) is the congestion windowyt) is the queue length

using time delay system approach. The first one builds a state¢he congested router afti¢) is the Round Trip Time (RTT)

feedback controller based on Lyapunov-Krasovskii thedng which represents the delay in TCP dynamieg.denotes the

second one designs an output feedback in robust contvalue of the variable: at the equilibrium point.

framework, especiallyd, control. Assuming N(t) = N and R(t) = Ry as constants, the
Based on recently developed Lyapunov functional for delynamic model of TCP can be approximated, at an equilibrium
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point, by the linear time delay system [11]: robust approach and Lyapunov theory. The latter will be con-
N sidered because it is an effective and practical methodtwhic
—W@W(t) + oW (t — h(t))) provides LM I (Linear Matrix Inequalities [23]) criteria. To
1 0 RoC? analyze and control our system (4), the Lyapunov-Krasavski
~RIC (5Q(t) — gt - h(t))) — N7 0p(t = h(t)) approach [24] is used which is an extension of the traditiona
8q(t) = ﬁzSW(t) _ idq(t) Lyapunov theory.
Ry Ry In the literature, few articles using time delay systems
i ) . (@) approach to model TCP dynamic already appeared. In [18],
wheredo W = W' — Wo, dq = ¢ —qo anddp =p —po are the ,"yo1oy qependent robust stability condition was proposed
State variables and m_put perturbat_lons arognq the opgath g the design of a state feedback was derived. However, the
point. T_he model (2) is valid only if the variations of thes%riterion used is quite obsolete and thus conservativenThe
new variables are kept enough small, other papers design control laws based on predictor [23], [1

Note that the input of the model (2) corresponds to the dr e - . . . .
. : _ predictive approach is an interesting method theaiyic
probability of a packet, fixed by the AQM. This latter has fo[)ut not in practice, moreover the delay has to be known

objective to regulate the queue size of the buffer. The PEEPO, actly. [15], [16] and [19] use time delay system approach t

Or: this paper IS t”O dgvelc&p Ian AQM algcr)]rlthm based on contrgh g propose global stability analysis of the non linear nhode
theory, especially time delay system_t eory. . However the synthesis of AQM is not considered.
F_or synthesis problem (see section Ill), we consider AN this paper, we aim at providing a method which allow
active queue management expressed as a state feedback to control system (4) with different objectives: giving ain
p(t) = po + k1 W (t) + k20q(t). (3) tions fc_>r the nominal or robust_ stabilization and improving
dynamical performances, ensuring thus a better QoS.

Remark 1 Using the second equation of (2), the perturbed

congestion window can be expressedj&ls = %6q + %6(1.

As it has been shown [17], the state feedback appears to b€a Polytopic uncertain model

natural PD (Proportional Derivative) control law. In thatse,

¢ can be calculated ag = —C+y(t) wherey(t) = RﬂOW(t) is The state space representation shows that the matticdg

the aggregate flow at the link. This last value can be measuradd B depend on network parameters. Especially, it depends

[17] [1]. on the RTTRy, a significant parameter, which is quite difficult
to estimate in practice. For a more rigorous study, it cowdd b

Note that the model considered here [11] results from jgeresting to take into account some uncertainty on theydel
tradeoff between precision and simplicity. Indeed, thisdelo R,. Let then rewrite system (4) as following

is known to be unprecise but its simplicity allows to develop

practical methods for control purpose. Remarks that theist e

extensions to better models e.g. see [22] or [3] and refesnc(t) = A(Ro)x(t) + Aa(Ro)x(t — h) + B(Ro)u(t — h). (6)
therein.

W (t) =

With the polytopic approach, the idea is to insure the stabil

ity for a set of systems. Let suppose tiiat € [Ry,,... , Ro.,..],

In this paper, we choose to model the dynamics of the quegig the matrices!, A, and B belong to a certain set
and the congestion window as a time delay system. Indeed,

the delay is an intrinsic phenomenon in networks. Taking int

B. Time delay system approach

account this characteristic, we expect to reflect as much as Q={[A, A4, B] | Ro € [Ru,,.,., Ro,...|}
possible the TCP behavior and provide with more relevant
analysis and synthesis methods. and we aim at looking for an AQM (expressed in term of
The linearized TCP fluid model (2) can be rewritten as thgate feedback) which stabilizes system (6) for all masrice
following time delay system: belonging to(2. However, the parameteR, doesn’t appear
x(t) = Ax(t) + Agx(t — h) + Bu(t — h) @ linearly in the matri_ces& Ag andB. So that, the se® defined
20(0) = ¢(6), with 6 € [—h, 0] by the uncerta_lnty is non convex. _
. A common idea in robust control theory is to look for a
with polytopic setP which includes the sef). Using convexity

1

SR S __N 1 C2Ryg property, it is much more easy to test the stability in closed
_ RZC CR3 _ 2 2 — | —3n2 ! - .
A= { ¥ } Aa= [ e e ]’B_ { i } loop for the overall polytop. If the stability oP is proved,

" (5) then the stability of2 is insured.
where z(t) = [sWT(t) dq”(¢)]" is the state vector and Inorder to create the polytop, we posey; = -, p2 = P%g
u(t) = dp(t) the input.¢(0) is the initial condition. and ps = Ry. Since there are three uncertain parameters, the

In the literature, there are mainly three methods to stugholytop will haven, = 8 vertices. For a bounded valug,,
time delay system stability: analysis of the characterisiots, the new uncertain parametess Vi = {1, 2,3} are bounded.



So, the matrices of the uncertain system (6) are defined asvhere

ng P 0 ...0
[0 0 N 1 .
A=p + p2 C C | = p1Ag+ p2As, P —--R R : 0...0 0...
| N -1 0 0 hm =" hm 0
N 1 =109 r-zr |T|iqQi|t].
Ag = p2 ¢ O = poAg,, : " A 0...0 0 Q
0 0 : .
[ _c2 0 s ... 0
B =p3 8 } = p3Bo. (11)
_ % ds = Ay
The setQ) is contained inP, and.> = [ 1 A Onx(e-1n ) _Ad ]{
then, system (4) can be stabilized for aAlK h,,, by the state
QCcofw®, i=1,2,.. 8} ®) feedbacku(t) = Kx(t). Applying this control law to (4), we
get closed-loop system
where thew(® are the vertices oP. #(t) = Ax(t) + Agz(t — h) (12)
xo(0) = ¢(0), with 8 € [—h, 0]
I11. STABILIZATION USING TIME DELAY SYSTEM with Aq = A + BK.
APPROACH Delay dependemdQM DESIGN Proof: It is always possible to rewrite (12) a&¢ = 0
where
We have designed an uncertain model of TCP/AQM dy- r i(t) T
namics and this Section will be devoted to the construction o (t)
a robust AQM stabilizing a such model. We describe a delay x(t — Lh)
dependent®D) method which takes into account the size of &= ,T € R(r+2)n
the delay. Using an information on the delay, we expect a 5T_1 (13)
reduction of conservatism and an improvement of results. x(t — =—=h)
The delay-dependent case starts from a system stable with- L z(t—=h) ] .
out delay and looks for the maximal delay that preserves andS=| -1 A Oyr-1)n Ad

stability. Generally, all methods involve a Lyapunov fuoogl, ) ) o
and more or less tight techniques to bound some cross termstsing the extended variablg?) (13), the derivative o/
[26][24]. These choices of specific Lyapunov functionald ar@long the trajectories of system (12) leads to:

bounding techniques are the origin of conservatism. In the Y = T ) 0 0
present paper, we choose a recent Lyapunov-Krasovskit func " , .
tional (9) [27]. P —3R 3R
y =T T T .
. V(xt) =< 0 ER ~n . §
_ T . T . : I
V(zy) =2 (t)Px(t) + /x (s)Ri:(s)dsdb 0 N 0] (14)
t=3f 0 ... 0 0 ...
x(s) x(s) | . . .|l 0o ...
t x(s — %h) x(s — %h) +e Qo £-¢ . £¢=0
+/ Q . ds 0 ... 0 :Q
Sl WA o5 — =11 suchthal —1 A4 0 - 0 A [€=0
) ) ) V(z,) = €T < 0
where P € S" is a positive definite matrixQ) € S™ and R € (@) = &7T¢ < (15)
S" are two semi-positive definite matrices.> 1 an integer < such that[ 1 4 o Ny } £=0
corresponding to the discretization step. Using this fiomet, - o a5~

we propose the following. whereT € S(+2" depends orP, R, Q and the delayh.

Using projection lemma [28], there exisf§ e R(r+2)nxn

) ) - . _such that (15) is equivalent to (10). [ |
Theorem 1 If there exist symmetric positive definite matrices

P, ReRV™, QeR™™, amatrix X € R(r+2::nn' a scalar Remark 2 In term of analysis, it is shown in [29] that for
hm >0, an integerr > 1 and a matrix K" € R™*" such that . _ 1 this proposed function (9) is equivalent to the main

classical results of the literature. Moreover, in the sara@egr
I+Xs+8TX" <0 (10) it is proved that forr > 1 the results are less conservative.



Nevertheless, applying a state feedback, we haye= IV. APPLICATION TOTCP/AQM DYNAMICS AND
Aq + BK with controller gain K appearing as a decision VALIDATION THROUGH NS-2
variable. Then, the condition becomes a BMI. Indeed, the, this section, we are going first to consider the nominal
optimization problem of Theorem 1 could not be solvedsiem in order to expose the control principle. Then, wé wil
efficiently. In this case solutions could not be global argbre oyvtend our methods to the robust case. Finally, we will try

lutions are not efficient. That's why in this paper, we propos;isg to improve dynamic performances by placing poles of
a relaxation algorithm. The algorithm principle consists tine closed loop in a certain region.

alternate analysis and synthesis steps.
Let first define thesynthesisL M I: A. Numerical example

Considering a widely used numerical illustration extracte
-1 A0 --- 0 As+BK . L
T+ < X| at ]> =0 (16) from [12], where the desired queue sizegis= 175 packets

where K € R™*" and X is the slack variable which has beerwith T}, = 0.2 second and” = 3750 packets/s (corresponds
fixed. to a 15 Mb/s link with an average packet size 830 bytes).

By the same way, we define tlmalysisLMI: Then, for a load ofN = 60 TCP sessions, we ha&, = 15
where K is fixed. Then, we propose the following algorithm. { 5W(t) } = { —0.2644  —0.0044 ] [ SW(t
Algorithm (1))
e Slack variable initializationX = X, 0 0 dq(t — h(t))
(19)

packetspy = 0.008, Ry = 0.246 seconds. The following open
I+ <X[-1 A0 --- 0 As+BK ] > <0 (17) loop system is obtained.
)
5q(t) 243.9024 —4.0650 dq(t)
Algorithm : n { —0.2644 0.0044 ] { SW(t—h
t
1) We solve thesynthesisoptimization . .
In a general way, for various network parameters, it appears

hopaw, = o gl%tXK.{hm} that the open loop system (4) I©D stable [20]. However,
st LMI ("16’) o in order to avoid congestion and to regulate queue size at a
desired level in spite of uncertainty on delay, an AQM has to
A matrix gain calledK; is derived. be implanted.

2) We solve theanalysisoptimization with K = K;. )
B. DD Synthesis
Pz, = pg%i‘fxi{hm} Using the relaxation algorithm previously exposed, we get
st.LMI (17) the following results table | for the robust delay depenaase
where a common Lyapunov-Krasovskii functional is found for

The new slack variable is derivell;. each vertice of the polytop (8). Considering quadraticititgab

o We test ifhf, .., = hinas, - framework [23], condition (10) has to be verified on each
« if true, there is no improvement on the maximal size ofertice with the same matrice®, Q, R, X and K. It is
the allowable delay: end of the algorithm shown that an 10D stabilizing state feedbdckcan always be
« if false, the process is reiterated to step (1) with a nefsund (for nominal case) [20]. This latter gain can constita
slack variable and upperbound of the delay. starting point for the algorithm. Although this method mapt n
provides a global optimum it affords a systematic technique
Remark 3 At any step, one always has!, .. > hS,.... for the algorithm initialization.

Consequently, throughout the progression of the algorithen

upperboundh,,, can not regress. r | [Rop,, Rop,,] __GanK hm

1 [0.1,0.45] 10~3[—0.589 0.0244] | 0.56

. C . 1 [0.1,0.5] 10~3[—0.321 0.0204] | 0.48

_ Notes that the main problgm,_wh!ch is common in relax- 5 [0.1,0.45] 10=31=0.575 0.0240] 1 0.62

ation methods, remains the initialization of slack varéb{or ) [0.1,0.5] 10-3[—0.272 0.0193] | 0.52
K). o ) Table |

For a performance purpose, in time delay system case, it DD STATE FEEDBACK GAINS TO STABILIZE A POLYTOP

is quite difficult to insure a certain level of performances.
Since, time delay systems have an infinity of poles, onée K4 it " h o) i bi
way to improve performances is thestability, i.e. such that ~cMa' o If Ry,.. > hp, then system (6) is stable

Re(polesx —a. Thus, let us consider a new system: only for By € [Ro,,;,,hm] since Ry is the RTT and
corresponds also to the delay.

2(t) = e™a(t), (18) » As expected, we obtain better results for= 2, since

. . L himaz 1S larger.
with « a positive scalar and(t) the state vector of our initial

system (4). If the stability of the new system (18) is proved Our results can be compared with results from [18] where
then the initial system (4) ia-stable. a robust delay dependent stabilisation is designed. In, [18]



the system in closed loop is shown to be robustly stable fexample, we apply our AQM based on a state feedback. The
Ry € [0,0.216] while the proposed criterion of Theorem 1target queue lengtly is 175 packets while buffer size i800.
robustly stabilizes the system fét, € [0.1,0.5]. The average packet lengthie0 Kbytes. The default transport
protocol is TCP-New Reno without ECN marking.
For the convenience of comparison, we adopt the same
We choose in this part to place the poles of the closed logalues and network configuration than [12] which design a
system in a convex region using thestability principle. In Pl controller Proportional-Integra). This Pl is configured as
order to improve the system performances (4), we apply ofsilow, the coefficientsz and b are fixed atl.822e — 5 and
algorithm replacing matriced, A; andB by (a1+A), e*"A;  1.816¢ — 5 respectively, the sampling frequencyli60Hz.
and e“" B respectively. However, that substitution introduces In the figure 1, we apply the gaili from the table 11l which
some terms including the deldy we can not thus insure theensureDD robust stability and performances with= 1. We
criterion validity Vi < hpnqz. compare our result with PI AQM provided by [12] (see figure
The idea is to use the polytopic approach once again i, It appears that our proposed AQM regulates faster than
order to insure the performances on a set of delays. Let gitge PI-AQM which presents larger oscillations and a more
§ = e®", and forh € [Rmin; hmaz) We haves € [dmin, dmaz).  important peak phenomenon.
The method consists to solve the algorithm on two vertices
(there will be one additionalLM I at each analysis and

C. Performances

800 ——

synthesis steps). Considering example (19), the algoritt ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ -
provides results of table II. 700 ’
600 -
a | Dmin, Dmax] Gain K 7
1 [0.1,0.9] 10—2[0.355 0.0084] el
2 0.1,0.36 10~3[2.34 0.0054 & ool F
3 0.1,0.22 10~3[4.23 0.0041 g i
3 s00r i L 4
Table I © i A
DD STATE FEEDBACK GAINS FORa-STABILITY or %Mm*’* W
Note that depending on the network topology, it is nc wowjp

necessary to have a lower bouidg,;, too small (since a A Timlé(s) 1 % 18

minimal propagation delay is unavoidable).

) . Figure 1. Time evolution of the queue length: comparison between Bl an
Remark 5 For o = 3, the maximal allowable delay,, . iS state feedback Gain Ko{= 1).

lower than the nominal delayr, (delay at the equilibrium

point). Consequently, the corresponding gdihis not valid. ~ The table IV shows different characteristics concernirgy th

Jesponse of the closed loop system with the PI-AQM and the

It is also possible to improve performances for a set
. . : State feedback AQM. We observe that tRecontroller keeps
systems, such that the polytdp defined in Section II-C. As the queue size closed to the desired length whereas the PI

previously, thea-stability condition must be tested on each

vertice of the polytop. The objective is to obtain the dei;irea"OWS a larger distribution around the equilibrium point.

dynamic on a whole set. Considering the same example than

. . . Settling time Mean Standard deviation|
previously, results (withr = 1) of table Il are obtained. B ~65 186.68 pkis 73.86 KIS
Gain K ~3s 175.54 pkts 44.95 pkts
(67 [Ro i Ro max] Gain K hm
1 0.2,0.3 10~2[1.144 0.0069] | 0.70 Table IV
5 0.2,0.3 10-313.003 0.0045 0.25 RESPONSES OF CLOSED LOOP SYSTEM WITIRI AND K CONTROLLERS
Table I We also test the gaik” from the table Il which ensurd3D

DD STATE FEEDBACK GAINS FOR ROBUSTv-STABILITY stability and improves performances with= 2 (see figure 2).

One remarks that forr = 2 the maximal allowable delay is However, we observe that the response is quite similar. This
only 0.25 (sincehpma, = 0.25 < R,,..)- can be explained by the fact that our results are conseevativ

So, we are able to provide a constant matrix gain whigtnd we don’t know exactly where poles are located. Moreover,
allows to stabilize the queue length at a target value despiur criteria have been developed for linear system whereas
of some uncertainty on the delay RTT and with a certain lev&CP/AQM behaviour is non linear. Simulation of perturbed
of performance. system is reported in figure 3. In this case, the propagation
delay has been increased p§ ms and the queue size is still
stable without degradation of performance.

We aim at proving the effectiveness of our method using For more important pertubations (on the del&y), the
NS-2 [21], a network simulator widely used in the communisystem is still stable but the steady state changes since we
cation community. Taking values from the previous numéricaonverge to a new equilibrium point.

D. Simulations
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Figure 2. Time evolution of the queue length for gai calculated from
DD nominal stabilization and performances & 2).

800 Bl
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Figure 3. Time evolution of the queue length for gal calculated from

DD robust stabilization and performances: (= 1) with a perturbation on

the delay.
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In this preliminary work, we have proposed the construction
of a robust AQM for the congestion problem in communica-
tions networks. The developed AQM have been established [B§}
using Lyapunov Krasovskii theory and semi definite program-
ming to solve the Linear Matrix Inequalities. Note that thga] k. Gu, V. L. Kharitonov, and J. CherStability of Time-Delay Systems
proposed methods have been extended to the robust case whereBirkhauser Boston, 2003, control engineering.
the delay in the loop is uncertain. Finally, this methodglodzs]

has been validated using NS simulator.
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